Abstract. Given a reductive group G acting on an affine scheme X over and a Hilbert function h : Irr G → AE 0 , we construct the moduli space M θ (X) of θ-stable (G, h)-constellations on X, which is a common generalisation of the invariant Hilbert scheme after Alexeev and Brion
Introduction
In the study of the action of a reductive group G on an affine scheme X in [Bec10] , we observed many situations where the quotient X// G has at least two different resolutions of singularities Y 1 → X//G, Y 2 → X//G, which are dominated by a third one Z → X//G, for instance as a flop:
This is for example the case for the action of Sl 2 on ( 2 ) ⊕6 by multiplication from the left and on its subscheme µ −1 (0) defined as the zero fibre of the moment map of the action. Exploring this example further, in [Bec11a] we found out that in this case the resolution Z is given as an invariant Hilbert scheme Z = Sl 2 -Hilb(µ −1 (0)). This is not by coincidence: In [CI04] , Craw and Ishii examine this phenomenon for finite groups by introducing the notion of a G-constellation on n and a certain stability condition on them and by constructing the moduli space M θ of θ-stable G-constellations. For a finite abelian group G ⊂ Sl 3 ( ) they show that every projective crepant resolution of 3 /G can be obtained as such a moduli space. Further, choosing θ appropriately they recover Ito and Nakamura's G-Hilbert scheme [IN96, IN99, Nak01] . In this article, we generalise these concepts to the case of reductive groups and we construct the moduli space M θ (X) of θ-stable (G, h)-constellations, where the map h : Irr G → AE 0 replaces the regular representation occurring in [CI04] . For a special choice of θ we recover Alexeev and Brion's invariant Hilbert scheme [AB04, AB05, Bri11] . Thus, M θ (X) is a common generalisation of the invariant Hilbert scheme and of the moduli space of G-constellations, which in turn both generalise the G-Hilbert scheme:
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Given a finite group G ⊂ Gl n ( ) acting on n , the G-Hilbert scheme parameterises G-clusters,
i.e. G-invariant subschemes Z of X such that H 0 O Z is isomorphic to the regular representation R of G. The notion of G-constellation introduced in [CI04] generalises this concept: a Gconstellation is a G-equivariant coherent O n -module with isotypic decomposition isomorphic to R. Such a G-constellation F is θ-stable for some θ ∈ Hom (R(G), É) if θ(F ) = 0 and if for every non-zero proper G-equivariant coherent subsheaf 0 = F ′ F one has θ(F ′ ) > 0. In this situation,
Craw and Ishii construct the moduli space M θ of θ-stable G-constellations as the GIT-quotient of the space of quiver representations associated to G by the group of G-equivariant automorphisms of R as described by King in [Kin94] . For a special choice of θ they recover M θ = G -Hilb( n ).
A second generalisation of the G-Hilbert scheme was established by Alexeev and Brion. Fix a complex reductive group G and a map h : Irr G → AE 0 on the set Irr G = {ρ : G → Gl(V ρ )} of isomorphy classes of irreducible representations of G. Then for any affine G-scheme X, in [AB04, AB05] the authors define the invariant Hilbert scheme Hilb G h (X), whose closed points parameterise all G-invariant subschemes of X whose coordinate rings have isotypic decomposition isomorphic to ρ∈Irr G h(ρ) ⊗ V ρ , or equivalently all quotients O X /I, where I is an ideal sheaf in O X , with this prescribed isotypic decomposition. Our contribution to these constructions of moduli spaces is to unify the ideas of [CI04] and [AB04, AB05] : For a complex reductive group G, an affine G-scheme X and a map h : Irr G → AE 0 , we define a (G, h)-constellation as a G-equivariant coherent O X -module with isotypic decomposition given by h as above. Then we introduce θ-stability analogously to the case of G-constellations. This stability condition is more delicate than the one of Craw and Ishii since it involves infinitely many parameters. We locate finitely many of them which control the others. Then we construct the moduli space of θ-stable (G, h)-constellations by means of geometric invariant theory and invariant Quot schemes in a parallel way to the construction of the moduli space of stable vector bundles of Simpson [Sim94] . As a generalisation of the Hilbert-Chow morphism we moreover construct a morphism M θ (X) → X//G. Further studies of M θ (X) have to be made in order to decide in which cases this morphism gives a resolution of singularities.
This article is structured as follows:
In Section 1 we set up our framework by introducing the notions of (G, h)-constellation, θ-semistability and θ-stability analogously to the case of G-constellations and by defining the corresponding moduli functors M θ (X) and M θ (X). Then we show that every θ-stable (G, h)-constellation is generated as an O X -module by its components indexed by a certain finite subset D − ⊂ Irr G, so that each θ-stable (G, h)-constellation is a quotient of a fixed coherent sheaf H and hence an element of the invariant Quot scheme Quot G (H, h). With a slightly more restrictive choice of θ, the same holds for θ-semistability. At the end of this section we show that if h is chosen such that the value on the trivial representation ρ 0 is 1 and θ ρ0 is the only negative value of θ, then the moduli functor M θ (X) equals the Hilbert functor Hilb G h (X). In Section 2 we deal with the geometric invariant theory of the invariant Quot scheme Quot G (H, h)
in order to construct a moduli space of (G, h)-constellations as its GIT-quotient: The invariant Quot scheme is equipped with a certain ample line bundle L coming from the embedding into a product of Grassmannians as established in Subsection 2.1. Considering the gauge group Γ, we examine GIT-stability and GIT-semistability on Quot G (H, h) with respect to the induced linearisation on L twisted by a certain character χ. Thus, on the set of GIT-semistable quotients
ss we obtain the categorical quotient Quot G (H, h) ss // Lχ Γ, which turns out to be a moduli space of GIT-semistable (G, h)-constellations in Section 4. In Section 3 we establish a correspondence of (G, h)-constellations and G-equivariant quotients
) and a correspondence of their respective subobjects. This allows us to introduce another (semi)stability condition θ which is equivalent to GIT-(semi)stability but resembles very much θ-(semi)stability. We show that if F is θ-stable, then it is also θ-stable and hence any corresponding point [q : // Lχ Γ. Finally, we construct a morphism from M θ (X) to the quotient X//G corresponding to the HilbertChow morphism.
As an outlook we discuss some further aspects of the moduli spaces M θ (X) and M θ (X), which are worth being pursued in the future.
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(G, h)-constellations
To begin we generalise the notion of G-constellation, originally introduced by Craw and Ishii in [CI04] for finite groups, to the case of reductive groups. In our definition, we replace the isotypic decomposition of the regular representation by an isotypic decomposition given by a prescribed Hilbert function h. Further, we adapt Craw and Ishii's notion of θ-stability and θ-semistability and we introduce the moduli functors M θ (X) and M θ (X) of θ-stable and θ-semistable (G, h)-constellations, respectively. Then in Section 1.2 we show that θ-semistable (G, h)-constellations satisfy a certain finiteness condition. Afterwards, we examine flat families of (G, h)-constellations and reduce the verification of the θ-(semi)stability condition to finitely many subsheaves only. The aim is to constuct a moduli space of θ-stable (G, h)-constellations representing M θ (X), which, for a special choice of θ, recovers the invariant Hilbert scheme. Indeed, in Section 1.3 we show that if h(ρ 0 ) = 1 and θ is chosen appropriately, then M θ (X) coincides with the invariant Hilbert functor.
1.1. Definitions. We fix a reductive group G, an affine G-scheme X and a Hilbert function h : Irr G → AE 0 , where Irr G denotes the set of isomorphy classes of irreducible representations
Definition 1.1.
(1) Let R h := ρ∈Irr G h(ρ) ⊗ V ρ be the G-module with multiplicities given by h. A
isomorphic to R h as a representation of G. (2) Given a scheme S, a family of (G, h)-constellations over S is a coherent sheaf F on a family of affine G-schemes X over S in the sense of [AB05, Definition 1.1], i.e. on a scheme X equipped with an action of G and an affine G-invariant morphism X → S of finite type, such that the restrictions
We would like to represent the functor that assigns to a scheme S the set of families of (G, h)-constellations on a scheme X. In general, the set of (G, h)-constellations on X is too large to be parameterised by a scheme. Hence, to construct a moduli space of these objects, we restrict ourselves to (G, h)-constellations satisfying a certain stability condition θ ∈ Hom(Irr G, É) ∼ = É Irr G . To define such a stability condition, we first need to associate to θ a function on the representation ring R(G) = ρ∈Irr G ·ρ and on the category Coh
In order to consider θ as a function θ : Coh
We are now in the position to define the stability condition we need on (G, h)-constellations:
For convenience, we replace the similar conditions for stability and semistability by setting everything concerning semistability in parentheses and we introduce the symbol "
In the same way, "≤ ( ) " stands for "≤" in the case of semistability and "<" in the case of stability.
In both cases the corresponding Hilbert functions satisfy h Now we define the moduli functors that we will consider in the following:
1.2. Finiteness. Our strategy to construct the moduli space M θ (X) of θ-stable (G, h)-constellations is to show that all θ-(semi)stable (G, h)-constellations are quotients of a certain coherent O X -module H and to obtain our moduli space by considering the invariant Quot scheme Quot G (H, h) and its GIT-quotient.
In order to do that fix θ ∈ É Irr G such that θ ρ < 0 for only finitely many ρ ∈ Irr G. This induces a decomposition
By the assumption on θ, the set D − is finite. Since θ(F ) is supposed to be 0 for any θ-semistable (G, h)-constellation F , the values of θ have to be chosen such that θ, h = 0. In particular, the series ρ∈Irr G θ ρ h(ρ) is convergent.
Remark 1.6. If θ = 0 or at least θ ρ = 0 whenever h(ρ) = 0, then every (G, h)-constellation is θ-semistable, but there are no θ-stable (G, h)-constellations. This case is not of any interest. To avoid this, in the following we will always assume that there is an irreducible representation ρ such that θ ρ = 0 and h(ρ) = 0. In particular, D − ∩ supp h and D + ∩ supp h are assumed to be non-empty.
is also a convergent series and we have
As a philosophy, if F is to be θ-(semi)stable, the values h ′ (ρ) should be as large as possible in D + and as small as possible in D − . This means that all subsheaves of F should be similar to F in positive parts and they should nearly vanish in negative parts. In other words, the most destabilising subsheaf of F is the subsheaf of F generated by its summands in D − .
We have the following finiteness result:
Proof Consider the O X -submodule F ′ of F generated by ρ∈D− F ρ ⊗ V ρ . Then we have:
This implies
Since F is θ-stable this means that F ′ = F , because otherwise F ′ would destabilise F . This shows that every θ-stable sheaf F is generated by ρ∈D− F ρ ⊗ V ρ .
Remark 1.9. If we even have θ ∈ (É\{0}) Irr G then the theorem also holds for θ-semistable (G, h)-
for every ρ ∈ D + . Since D 0 = ∅ in this case, this already gives
This finiteness result causes us to define the following free O X -module of finite rank:
(1)
Then by Theorem 1.7 it follows that every θ-(semi)stable (G, h)-constellation can be obtained as a quotient of H (if θ ∈ (É\0) Irr G ). We will establish this in more detail in Section 3.1. Consequently, we may consider Quot G (H, h) to construct the moduli space of θ-stable (G, h)-constellations.
Another consequence of the consideration of D − is that θ-(semi)stability can be proven by checking finitely many subsheaves only, as the following sequence of propositions and lemmas shows.
Since F * is generated in D − , we have
Lemma 1.11. The family of pairs
is bounded, i.e. there is a noetherian scheme Z, a coherent sheaf of O X×Z -modules F and a G-equivariant coherent subsheaf F ′ of F such that the family (2) is contained in the set
Proof The set of (G, h)-constellations F generated in D − is parameterised by a subset of the noetherian scheme Quot G (H, h). For a fixed F the subsheaves F ′ ⊂ F generated in D − are determined by the choice of subspaces F ′ ρ ⊂ F ρ for ρ ∈ D − . Hence they are parameterised by a subset of ρ∈D− h(ρ) k=0 Grass(k, h(ρ) ). Thus the set (2) is parameterised by a subset of
). This is a noetherian scheme, so the family (2) is bounded by the universal family of its functor of points.
Remark. Our notion of boundedness differs from [HL10, Definition 1.7.5] in the requirement on Z not to be of finite type but noetherian only. This is enough for later use.
Proposition 1.12. There is a finite set of Hilbert functions {h 1 , . . . , h n } such that for any θ-
Proof Since any θ-stable (G, h)-constellation is generated in D − by Theorem 1.7, Lemma 1.11 says that the family of pairs (F ,
coherent subsheaf of F generated in D − is parameterised by a noetherian basis Z and bounded by a pair of coherent sheaves (F ,
is not necessarily flat on
Z, but we can use [Gro61, Lemme 3.4] to obtain a flattening stratification of Z, that is a finite 
.
Taking into account that h(ρ 0 ) = 1 there are two cases for h ′ (ρ 0 ):
so for stable F this case cannot occur.
• Hence for stable F we have h ′ (ρ 0 ) = 0, so that no proper subsheaf of F contains V ρ0 .
Thus the O X -module generated by V ρ0 is F , i.e. F is cyclic. Hence it is isomorphic to a quotient of O X and we have
Conversely, consider an element Z ∈ Hilb G h (X)(S). Every fibre O Z (s) of its structure sheaf is generated by the image of 1 ∈ O X , which is an invariant. Therefore, every proper G-equivariant subsheaf
Geometric Invariant Theory of the invariant Quot scheme
In the last section we have shown that every θ-(semi)stable (G, h)-constellation is a quotient of
. In Subsection 2.1 we construct an embedding of the invariant Quot scheme into a product of Grassmannians generalising the embedding of the invariant Hilbert scheme into a product of Grassmannians [Bec11a, Section 4.2]. This equips Quot G (H, h) with an ample line bundle L . Thereafter we discuss the geometric invariant theory (GIT) of Quot G (H, h) in order to obtain a categorical quotient
ss // Lχ Γ of GIT-semistable quotients and its subset of stable objects, the geometric
Its subset which contains the θ-stable (G, h)-constellations will be our candidate for the moduli space of θ-stable (G, h)-constellations. Here, Γ denotes the gauge group of H and L χ is the ample line bundle L with linearisation depending on the choice of a character χ of Γ. We describe these parameters in Subsection 2.2. Afterwards, in Subsection 2.3 we examine 1-parameter subgroups of Γ and establish their description via filtrations of the vector space ρ∈D− h(ρ) in order to obtain Mumford's numerical criterion for GIT-(semi)stability in Subsection 2.4. Out of this we eventually establish a condition for GIT-(semi)stability by considering subspaces of ρ∈D− h(ρ) instead of filtrations. This condition will be used to compare GIT-(semi)stability to θ-(semi)stability in Section 3. First, we construct an embedding of the invariant Quot scheme into a finite product of ordinary Quot schemes:
Proposition 2.1. There is a finite subset D ⊂ Irr G such that
) is the projection onto the second factor, then we consider the isotypic decomposition
First we show that the universal quotient can be reconstructed from the
Since G is reductive, we have
Hence we obtain K, since it is generated by the
Therefore we can reconstruct U := coker(K → H). Now if S is an arbitrary noetherian scheme and [q :
is the pull-back of the universal quotient:
Hence we have an exact sequence of O X×S -modules
Therefore, ker q = α * K is generated in the degrees in D, so that it can be reconstructed if ker q ρ for ρ ∈ D is given. This shows that the map of functors Quot
Then this also holds for the morphism of schemes (3).
The next step is to embed each Quot scheme Quot(H ρ , h(ρ)) into a certain Grassmannian:
Proposition 2.2. For each ρ ∈ Irr G there is a finite dimensional vector space H ρ and a surjection [X//G] ⊗ H ρ ։ H ρ which induces an embedding
By the definition of the Quot scheme, the O Qρ -module U ρ is locally free of rank h(ρ). Hence there is a finite dimensional -vector space U ρ ⊂ H ρ such that the restriction
Taking the fibres at every point of Quot(H ρ , h(ρ)), this yields a morphism
This morphism need not be injective. In order to obtain an embedding, we possibly have to enlarge U ρ . Therefore we use the following finiteness results: 1. It is a well-known fact that the module of covariants 
For every k ∈ K ρ we write k = f i ⊗ m ik with finitely many elements f i ∈ O Qρ and m ik ∈ H ρ . Let M ρ be the -vector space spanned by all the m ik . Define H ρ := (W ρ + U ρ ) ⊕ M ρ . We claim that the morphism
constructed this way is injective. In order to prove this we have to reconstruct u ρ if we are given a morphism f ρ :
As in the proof of Proposition 2.1, the injectivity for an arbitrary scheme S and an element [H ρ ⊠ O S → F ρ ] ∈ Quot(H ρ , h(ρ))(S) can be shown by pulling back the universal quotient. Then the result also holds pointwise.
Together, these embeddings yield an embedding of the invariant Quot scheme into a product of finitely many Grassmannians:
Corollary 2.3. The composition of the embedding (3) with the embeddings (4) for ρ ∈ D yields an embedding
2.2. The parameters needed for GIT. Now let H be as defined in (1). In this subsection we introduce a group action on the invariant Quot scheme of H, for which we want to obtain the GIT-quotient. In order to determine this quotient, we need to find an ample line bundle on Quot G (H, h), which can be linearised with respect to the group action. The linearisation depends on a character of the group. In the definition of H, we write
G (H, h), the sheaf F = q(H) is generated by the finitely many components
2.2.1. The line bundle L and the weights κ. In the last subsection we showed that there is a finite subset D ⊂ Irr G and an embedding η of Quot G (H, h) into a product of Grassmannians σ∈D Grass(H σ , h(σ)), where H σ is a -vector space with generators as in the proof of Proposition 2.2. Composing η with the Plücker embedding π σ for every occurring Grassmannian we have
For any set containing D we also obtain an embedding. For example, adding further representations if necessary, we may assume
) is a point if h(σ) = 0 and hence it does not contribute to the embedding, we will always suppose
In the following discussion of the geometric invariant theory, different choices of D lead to different notions of GIT-(semi)stability. We will take advantage of the variation of D and the corresponding stability condition in Section 3.3.
For every choice of κ ∈ AE D 0 , the ample line bundles
κσ on the product of the Grassmannians, where W σ denotes the universal family of Grass(H σ , h(σ)). It is ample if κ σ ≥ 1 for every σ ∈ D. This in turn induces an ample line bundle
Remark. In Section 3.3 we will also consider L with weights κ σ ∈ É >0 . To give this a meaning, let k be the common denominator of all the κ σ , σ ∈ D. Then we have kκ σ ∈ AE for all σ ∈ D and L k is an ample line bundle on Quot G (H, h), which defines an embedding as above.
2.2.2. The gauge group Γ and the character χ. For giving concrete surjections H ։ F rather than only coherent O X -modules F which are quotients of H, we have to choose a map A ρ → F ρ for every ρ ∈ D − . In order to obtain a moduli space parameterising sheaves F independent of this choice, we need to divide it out and therefore consider the natural action of the gauge group Γ ′ := ρ∈D− Gl(A ρ ) on H by multiplication from the left on the constituent components. Since the scalar matrices act trivially, we actually consider the action of Γ :
This action induces a natural action on Quot G (H, h) from the right: Let γ = (γ ρ ) ρ∈D− and
Further, this action induces a natural linearisation on some power L k of L (compare to the remark after Lemma 4.3.2 in [HL10] ). Replacing κ σ by kκ σ for every σ ∈ D, we can assume that L itself carries a Γ-linearisation. Additionally, we can twist this linearisation with respect to a charater χ, where χ(γ) = ρ∈D− det(γ ρ ) χρ and χ ∈ D− such that ρ∈D− χ ρ h(ρ) = 0. We write L χ for the line bundle L equipped with the linearisation twisted by the character χ.
2.3. One-parameter subgroups and filtrations. To construct the GIT-quotient, we examine 1-parameter subgroups of Γ in order to apply Mumford's numerical criterion and hence deduce a condition for GIT-(semi)stability. Let [q : H ։ F ] ∈ Quot G (H, h) and λ : * → Γ be a 1-parameter subgroup. Then λ induces a grading and a descending filtration on A := ρ∈D− A ρ , so that for every ρ ∈ D − we have
where A n ρ = {a ∈ A ρ | λ(t) · a = t n a} is the subspace of A ρ on which λ acts with weight n. This induces a grading
and the corresponding filtration is
This in turn induces a filtration of F by
and we define graded pieces
Remark 2.4. Clearly, only finitely many A n ρ are non-zero for every ρ ∈ D − , so the same holds for H n and F [n] . Further, only finitely many H ≥n and F ≥n are different from 0 or H and F , respectively.
The graded object corresponding to the filtration of F is
For the sheaves of covariants of F we have F σ = n∈ F
[n] σ for every σ ∈ Irr G. Since G is reductive, the sequences
σ → 0 are exact for every σ ∈ Irr G and every n ∈ , so that dim F
[n]
Hence F has the same Hilbert function as F , so that the sum of the graded pieces [q n :
It has the property that it is the limit of the action of λ(t) on [q] when t tends to infinity:
Proof The proof works analogously to [HL10, Lemma 4.4.3]. The main difference is a minus sign, which occurs since we consider descending filtrations while [HL10] work with ascending filtrations. Therefore, we obtain the limit at infinity instead of zero. Consult [Bec11b, Lemma 3.3.2] for the details.
The description of [q] as a limit of [q] · λ(t) yields that it is a fixed point of the action of λ. Hence there is an action of λ on the fibre
We examine this action in the following in order to gain some criteria for the GIT-(semi)stability of [q]. 
GIT-(semi)stability. For understanding the (semi)stability condition in the GIT

0.
Now we establish some expressions for µ Lχ (q, λ) in terms of κ and χ:
Lemma 2.8. The weight of the action of
Proof The weight µ Lχ (q, λ) is the exponent in the identity
This number splits into a sum µ Lχ (q, λ) = m + m χ , where m is the weight on the fibre of the original line bundle L ([q]) and m χ comes from the twist with the character χ.
Since the weight of λ on F
[n] σ is n, for its weight on the determinant det(F
The weights on the factors of the tensor products over D and translate to a sum of the weights, so we obtain m = σ∈D n∈ n · κ σ · dim F
σ . The λ(t) ρ are diagonal matrices of size (dim A ρ ) × (dim A ρ ) with entries t n according to the
The twist by the character χ is given by taking the product of the determinants of the λ(t) ρ to the χ ρ 's power. Thus we have
and m χ = ρ∈D− n∈ n · χ ρ · dim(A n ρ ). Generalising the calculation before Proposition 3.1 in [Kin94] , we obtain another formula for µ Lχ (q, λ): Proposition 2.9. In terms of the filtration corresponding to a 1-parameter subgroup λ, we have
where −N is the minimal and M the maximal occurring weight.
Proof Using the fact that For later use we prove that GIT-(semi)stability is invariant under the action of Γ:
If λ is a 1-parameter subgroup, then so is λ := γ −1 λγ. For
This shows that µ Lχ (q·γ, γ −1 λγ) = µ Lχ (q, λ). Hence we have µ Lχ (q, λ) ≥ 0 for every 1-parameter subgroup λ if and only if µ Lχ (q · γ, λ) ≥ 0 for every 1-parameter subgroup λ.
2.4.1. 1-step filtrations. Next we analyse the stability condition for 1-step filtrations in order to simplify the condition for GIT-(semi)stability: Let A A ′ 0 be a 1-step filtration and A ′′ a complement of A ′ in A. Then for any 1-parameter subgroup of Γ acting with some weight n ′ on A ′ and n ′′ on A ′′ , the weights have
We denote the 1-parameter subgroup associated to A ′ in this way by λ ′ . We have
This yields
Thus we obtain the following criterion for µ Lχ (q, λ ′ ) to be positive:
Here we have dim A = 0 since D − = ∅ by Remark 1.6 and dim A ′ = 0 by the assumption A ′ = 0.
The next lemma shows that it is enough to consider 1-step filtrations in order to examine GIT-(semi)stability:
Proof "⇒": Considering the 1-parameter subgroup corresponding to the filtration, this follows from Mumford's numerical criterion. "⇐": Let λ be any non-trivial 1-parameter subgroup. By Mumford's numerical criterion we have to show that µ Lχ (q, λ) ≥ ( ) 0. Let −N denote the minimal and M the maximal occurring weight. Then for every n ∈ {−N + 1, . . . , M } the sequence A A ≥n 0 is a 1-step filtration. Thus we have κ(
This shows that [q] is GIT-(semi)stable.
Thus we have established the following criterion for GIT-(semi)stability: 
The connection between the stability conditions
As we want to construct the moduli space of θ-stable (G, h)-constellations on an affine G-scheme X as an open subset of the GIT-quotient Quot G (H, h) ss // Lχ Γ, first of all we determine the elements in Quot G (H, h) originating from (G, h)-constellations in Subsection 3.1. It turns out that every GIT-semistable quotient can indeed be obtained from a (G, h)-constellation in a particular way, so that we can define a functor M χ,κ (X) of flat families of GIT-stable (G, h)-constellations. We compare M χ,κ (X) with the functor M θ (X) of flat families of θ-stable (G, h)-constellations. Therefore, in Subsection 3.2 we establish a correspondence of the G-equivariant coherent subsheaves generated in D − of a (G, h)-constellation F and the graded subspaces of A = ρ∈D− A ρ defining subsheaves of H. This leads us to the definition of a new stability condition θ on (G, h)-constellations which coincides with GIT-stability for (G, h)-constellations generated in D − . This reduces our examination of the stability conditions to a comparison of θ and θ, which look very similar for a certain choice of the GIT-parameters χ and κ. Indeed, in Subsection 3.3 we show that θ is a limit of the θ, when the finite subset D ⊂ Irr G in the definition of θ varies. Furthermore, we find out that θ-stability implies θ-stability and hence GIT-stability, so that the functor of θ-stable (G, h)-constellations is a subfunctor of the functor of GIT-stable (G, h)-constellations.
Quotients originating from (G, h)-constellations.
To determine the points in the invariant Quot scheme which originate from θ-semistable (G, h)-constellations, we analyse the quotient map for these elements first. From Section 1.2 we deduce that all θ-semistable (G, h)-constellations F are quotients of
where A ρ = h(ρ) and D − is the finite subset of Irr G where θ takes negative values: Since
and F is generated as an O X -module by the images of ev ρ , ρ ∈ D − by Theorem 1.7. Choosing a basis of each F ρ , i.e. fixing an isomorphism ψ ρ : A ρ → F ρ , and composing it with the evaluation map, we obtain
gives us a point [q : H ։ F ] ∈ Quot G (H, h) with the property that the map
is just the isomorphism ψ ρ since for a ∈ A ρ and v ∈ V ρ we have
) constructed this way depends on the choice of the isomorphisms ψ ρ . Any other choice differs from ψ ρ by an element in Gl(A ρ ), so that a (G, h)-constellation can be seen as an element in the quotient of Quot G (H, h) by Γ := ρ∈D− Gl(A ρ ) / * . We will make this more precise in Section 4.
Conversely, for any element [q :
coherent O X -module with isotypic decomposition isomorphic to R h , so it is a (G, h)-constellation. However, the induced maps ϕ ρ need not be isomorphisms so that [q] need not originate from a (G, h)-constellation as above even if F is θ-stable. Since we want to determine a moduli space
Proof Fix ρ ∈ D − and let K ρ := ker ϕ ρ . If ϕ ρ is not injective, then A ⊃ K ρ 0 is a 1-step filtration. For the induced sheaf we obtain
by the assumption on χ ρ . This is a contradiction to semistability, so ker ϕ ρ has to be 0. As A ρ and F ρ have the same dimension h(ρ), this implies that ϕ ρ is an isomorphism.
This means that for every GIT-semistable quotient [q :
If for a (G, h)-constellation F and a choice of isomorphisms (ψ ρ ) ρ∈D− the corresponding point is GIT-(semi)stable, then the same is true for any other choice of isomorphisms by Proposition 2.10. Thus it makes sense to deal with GIT-(semi)stable (G, h)-constellations:
stable, if for some and hence any choice of isomorphisms (ψ ρ ) ρ∈D− the corresponding point as defined in (9) is GIT-(semi)stable. Let
be the moduli functors of GIT-semistable and GIT-stable (G, h)-constellations on X generated in D − , respectively.
From the discussion above we expect that Quot G (H, h) ss // Lχ Γ and Quot G (H, h) s /Γ corepresent these functors. We will see this in Section 4.1.
3.2.
Correspondence between graded subspaces of A and G-equivariant subsheaves of F . If the map A ρ → F ρ is injective and hence an isomorphism, we may establish a correspondence between subsheaves of the (G, h)-constellation F and graded subspaces of A. By Lemma 3.1 this correspondence applies to GIT-semistable elements. First we begin with some graded subspace
Then we have
For this reason, A ′ is called the saturation of A ′ .
Conversely, if we start with some subsheaf F ′ ⊂ F , we can proceed in the same way to obtain the saturation
As before we have
Inspired by this correspondence we define a new function, which describes GIT-(semi)stability in terms of the F ′ instead of the A ′ :
In the above setting if
Comparing this definition to the expression (8) we find
Remark. Since the notion of GIT-stability on Quot G (H, h) depends on the embedding into a product of Grassmannians, the definition of θ depends on the choice of the finite subset D ⊂ Irr G.
If there is any ambiguity about D we write θ D instead of θ.
The next theorem reduces the examination of the relation between θ-(semi)stability and GIT-(semi)stability to the comparison of θ and θ for sheaves generated in D − .
"⇐": Let A ′ ⊂ A be a graded subspace. As in (11) we construct
Separating A ′ and A ′ and multiplying by dim A yields
If we could show that
for every G-equivariant subsheaf F ′ of a (G, h)-constellation F , then in consideration of the theorem and Proposition 1.10, we would also have that a (G, h)-constellation is θ-(semi)stable if and only if it is GIT-(semi)stable. Therefore it would even be enough to show (13) for F and F ′ generated in D − by Proposition 1.10 and the proof of the above theorem. The equivalence (13) might be asking too much for, but in the following subsection we show at least that θ-stability implies GIT-stability (Corollary 3.10). As the theorem suggests, we therefore compare θ and θ and we show that θ-stability implies θ-stability.
3.3.
Comparison of θ and θ. We have defined two functions on Coh G (X):
The main difference is that θ is defined as the sum over infinitely many elements while the number of summands in θ is finite. We define the part outside D of θ by
To compare θ and θ we make the following approach for choosing the character χ and the weights κ in the definition of our ample line bundle L : Remark. Since θ ρ < 0 and κ ρ > 0 for every ρ ∈ D − , we automatically have
so the prerequisites of Lemma 3.1 and Theorem 3.4 are always satisfied with the choice (14) of χ and κ.
The following two lemmas substantiate why the choice (14) for χ and κ is natural:
Lemma 3.5. Let F be a (G, h)-constellation. With Ansatz (14) of χ and κ for any G-equivariant coherent subsheaf F ′ of F we have
Proof Plugging in (14) this follows immediately. 
In particular, if G is a finite group, θ-(semi)stability and GIT-(semi)stability coincide as in the construction of Craw and Ishii [CI04] . But for a reductive group G, the support of θ will be infinite in general for otherwise the (G, h)-constellations which are θ-semistable but not θ-stable might not be quotients of H by Remark 1.9.
Lemma 3.6. If χ and κ are defined as in (14), χ is an admissible character if and only if θ(F ) = 0.
Proof A character χ of ρ∈D− Gl(A ρ ) is a character of the quotient ρ∈D− Gl(A ρ )/ * if and only if ρ∈D− χ ρ h(ρ) = 0. One easily calculates ρ∈D− χ ρ h(ρ) = θ(F ).
For comparing θ to θ, we consider θ = θ D when the finite subset D ⊂ Irr G varies. We obtain the following error term:
Proof By Lemma 3.5, we have
The determination of their difference is a lengthy, but easy, calculation, which is carried out in [Bec11b, Proposition 4.3.3].
directed with respect to inclusion. In this sense, we can take the limit over these sets. This allows us to reveal the relation between θ and θ:
Corollary 3.8. The function θ is the pointwise limit of the functions θ D as D converges to the whole support of θ:
In general, equality will only hold in the limit, but not for finite D. We use this corollary to show that every θ-stable (G, h)-constellation is also θ-stable. Proof By Proposition 1.12, the set
is finite. Let θ 0 be its minimum. In particular, θ(F ′ ) ≥ θ 0 . If we fix ε > 0, by Corollary 3.8 there 
Now we summarise:
Corollary 3.10. Let θ ∈ É Irr G be a stability condition on the set of (G, h)-constellations on X with θ, h = 0. For H := ρ∈D− h(ρ) ⊗ V ρ ⊗ O X we consider the invariant Quot scheme
The conditions that G is reductive, p is affine and F is flat over S yield that the F ρ are locally free O S -modules of rank h(ρ) and that we have (F ρ )(s) = F (s) ρ . We define the O S -submodule
The pullback of the inclusion i : V − F ֒→ p * F composed with the natural surjection α : p * p * F ։ F corresponding to the identity under the adjunction Hom(p
Now we consider the product π X := id X ×π : X × Á(F) → X × S and the universal trivialisation
Thus we obtain a canonically defined quotient
which in turn yields a classifying morphism
As for the Quot scheme, the gauge group Γ ′ acts on Á(F) from the right. Here, π : Á(F) → S is even a principal Γ ′ -bundle. By construction, φ F is Γ ′ -equivariant and we have φ −1
where S ss = {s ∈ S | F (s) GIT-semistable}. If S parameterises GIT-semistable sheaves, we even have φ −1
This means that in fact we have φ F : Á(F) → R. This morphism induces a transformation of functors Á(F)/Γ Thus we have constucted an analogue of the Hilbert-Chow morphism for M θ (X) and M θ (X), which relates these moduli spaces to the quotient X//G.
Outlook
In this thesis we constructed the moduli space M θ (X) of θ-stable (G, h)-constellations and a morphism η : M θ (X) → X//G. Examples of these moduli spaces are given by invariant Hilbert schemes. The determination of further examples would be interesting in order to get an idea of the properties of these moduli spaces, e.g. concerning smoothness, connectedness and, for symplectic varieties X// G, symplecticity of M θ (X). Moreover, some questions concerning the closure of M θ (X) and the properties of η still have to be investigated. Here we discuss some ideas which are worth being pursued in the future.
5.1. The geometric meaning of points in M θ (X). We defined the moduli space M θ (X) as the closure of M θ (X) in Quot G (H, h) ss // Lχ Γ without explicitly describing its elements geometrically. A natural question is Question 5.1. Does the scheme M θ (X) corepresent the moduli functor M θ (X) of θ-semistable (G, h)-constellations?
First of all, one has to face the question if every θ-semistable (G, h)-constellation is also GITsemistable. Secondly, it would be interesting to determine the values of θ for which the notions of θ-stability and θ-semistability coincide. In this case we obtain M θ (X) = M θ (X). 
?
If not, are there additional assumptions on θ under which this equivalence holds?
The fact that this is so hard to decide indicates that the passage from finite to infinite groups is a profound issue. Conversely, inspired by the situation for finite G examined in [CI04] , we can ask:
Question 5.8.
(1) Is every crepant resolution of singularities of X//G a component of some moduli space of θ-stable (G, h)-constellations M θ (X) for an appropriate choice of θ? (2) What is the relation between the spaces M θ (X) for different choices of θ? For example, is there a chamber structure in the space É Irr G such that for θ in any chamber and θ ′ in an adjacent wall there is a map M θ ′ (X) → M θ (X) and for every wall-crossing the involved moduli spaces are related by a flop? (3) Is there a distinguished choice of θ so that M θ (X) dominates any other M θ ′ (X)? Are there minimal choices which give symplectic resolutions?
In particular, consider the action of Sl 2 on ( 2 ) ⊕6 and its restriction to the zero fibre µ −1 (0) of the moment map. In [Bec10] we determined the symplectic variety µ −1 (0)//Sl 2 to be a nilpotent orbit closure and we found two symplectic resolutions of singularities, namely the cotangent bundle T * È 3 and its dual (T * È 3 ) * . In [Bec11a] we showed that these are dominated by a non-symplectic resolution, given by an invariant Hilbert scheme:
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